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Abstract 

We study stationary and axisymmetric solutions of General Relativity, i.e. pure gravity, 
in four or higher dimensions. D-dimensional stationary and axisymmetric solutions are 
defined as having D — 2 commuting Killing vector fields. We derive a canonical form of the 
metric for such solutions that effectively reduces the Einstein equations to a differential 
equation on an axisymmetric D — 2 hy D — 2 matrix field living in three-dimensional flat 
space (apart from a subclass of solutions that instead reduce to a set of equations on a D—2 
hy D — 2 matrix field living in two-dimensional flat space) . This generalizes the Papapetrou 
form of the metric for stationary and axisymmetric solutions in four dimensions, and 
furthermore generalizes the work on Weyl solutions in four and higher dimensions. We 
analyze then the sources for the solutions, which are in the form of thin rods along a line in 
the three-dimensional flat space that the matrix field can be seen to live in. As examples 
of stationary and axisymmetric solutions, we study the five-dimensional rotating black 
hole and the rotating black ring, write the metrics in the canonical form and analyze the 
structure of the rods for each solution. 
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1 Introduction 



Black holes in four-dimensional General Relativity have been the subject of intense re- 
search for several decades. One of the most important results on four-dimensional black 
holes in pure gravity, i.e. gravity without matter, is the uniqueness theorem stating that 
the rotating black hole solution of Kerr pOj is the unique solution for given mass and an- 
gular momentum [21 IS El • This shows that the phase structure of black holes in four 
dimensions is very simple: Only one phase is available. 

In recent years, attention have turned to the study of black holes in higher-dimensional 
General Relativity. It is by now clear that the phase structure of black holes is much more 
complicated when having more than four dimensions. For five-dimensional asymptotically 
flat black hole solutions, it was discovered by Emparan and Reall in ^ that in addition 
to the Myers-Perry rotating black hole solution 0, which has horizon topology S^, there 
exists also a rotating black ring solution with horizon topology S"^ x S^. This means that 
for a given mass and angular momentum one can have as many as three different available 
phases, for five-dimensional asymptotically fiat solutions of pure gravity. For pure gravity 
solutions asymptoting to Minkowski-space times a circle A4'^ x S^, one has an even richer 
phase structure, involving phases with different horizon topologies and also phases with 
Kaluza-Klein bubbles.^ 

The complicated and rich phase structure of black holes in higher dimensions makes 
it desirable to develop new tools to find exact solutions. We focus in this paper on a 
particular class of solutions: Stationary and axisymmetric solutions of the vacuum Einstein 
equations in higher-dimensional General Relativity, i.e. in pure gravity. These solutions 
have D — 2 commuting Killing vector fields where D is the dimension of the space-time. 
In four dimensions, this class of solutions includes the Kerr black hole while in five 
dimensions both the rotating black hole with horizon topology m and the rotating 
black ring with horizon topology S'^ x are in this class. 

We find in this paper a canonical form of the metric for stationary and axisymmetric 
solutions of the vacuum Einstein equations in higher-dimensional General Relativity. With 
the metric in the canonical form, the Einstein equations takes a remarkably simple form: 
They reduce effectively to a differential equation that can be seen as an axisymmetric D — 2 
hy D — 2 matrix field G living in a three-dimensional fiat space, apart from a subclass of 
solutions that instead reduce to a set of equations onaD — 2byD — 2 matrix field living 
in two-dimensional flat space. 

We analyze the general structure of such solutions. In the three-dimensional space that 
G can be seen to live in the sources for G are in the form of thin rods along a line. We 
examine the general structure of the rods that constitute the sources of a given solution. 
We furthermore identify the asymptotic behavior of asymptotically fiat solutions in four 
and five dimensions. 

^See |51|31 and references therein. 
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As examples of stationary and axisymmetric solutions, we consider the five-dimensional 
rotating black hole with horizon topology and the black ring with horizon topology 
5^ X S^. We write down the metric in the canonical coordinates and analyze their rod- 
structure, i.e. the structure of their sources. 

In four dimensions, the canonical form of the metric that we find for stationary and 
axisymmetric solutions is equivalent to the so-called Papapetrou form for the metric |in| 
lllj . Papapetrou found that, under certain conditions, the metric of four-dimensional 
stationary and axisymmetric pure gravity solutions can be written in the form^ 

ds^ = -e^^{dt + Ad(l)f + e-^^r^dcf)'^ + e^^idr^ + dz'^) . (1.1) 

The functions U{r,z), A{r,z) are solutions of 

(d^ + ^dr + d^^ U = [{drAf + {d,A)^] , dr (j^drA^ + (^^^^) = ' 

(1.2) 

and the function z^(r, z) is a solution of 



d,u = -drU + r [{drUf - {d,uf] - — [{drAf - {d,Af 

4U 

d,iy = -d,U + 2rdrUd,U - —drAd.A 



(1.3) 



2r 

Here d/dt and d/d(p are the two Killing vector fields. Since the equations ()1.3() for 1/ are 
integrable, one can solve the Einstein equations by first finding U and A that solves ()1.2() . 
and then a v can be found that solves (|1.3j) . 

The canonical form of the metric for stationary and axisymmetric solutions that we 
find in this paper is a generalization of the Papapetrou form i|l.ll) of the metric for four- 
dimensional solutions. Moreover, the simplified form of the Einstein equations that we 
find generalizes the equations (|1.2)) - (|l.Hj) for four dimensions. 

For the special case when all the D — 2 Killing vector fields are orthogonal to each 
other, the canonical form of the metric that we find in this paper is equivalent to the form 
of the so-called generalized Weyl solutions of Emparan and Reall ^| In Ref. ^S] it is 
shown that, under certain conditions, the metric for I?-dimensional pure gravity solutions 
with D — 2 commuting orthogonal Killing vector fields can be written in the form 

ds^ = -e^u.^f ^ Y^^'^u.^^^^f + e2.(^^2 ^ ^^2) ^ Y,Ui= logr , (1.4) 

1=2 i=l 

with t = x"^. The functions Ui{r, z) are solutions of the three-dimensional Laplace equa- 
tions 

92 + -dr + dA Ui = 0, (1.5) 
r / 



^See also [1^10111111151 . 

^See IHl for a brief review of generalized Weyl solutions. See furthermore |17| for work on extending the 
generalized Weyl solutions of to space-times with a cosmological constant. 
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for i = 1, D — 2, while i^(r, z) is a solution of 

D-2 D-2 

5.1/ = -— + ^ ^ - (a,?7i)2] , ^,u = rJ29rU^^,Ui . (1.6) 

i=l i=l 

Here d/dx^, i = 1, D — 2, are the D — 2 orthogonal Killing vector fields. Solutions with 
metric (|1.4() with Ui and v obeying (|1.5() - H1.6|) are called generalized Weyl solutions. 

We see that using the form of the metric (|1.4)) for solutions with D — 2 commuting 
orthogonal Killing vector fields, solving the Einstein equations effectively reduces to the 
task of solving D — 3 free Laplace equations on a three-dimensional flat space. This is due 
to the fact that the equations H1.6() for are integrable, so that one can find a u solving 
(|1.6|) given any solution for Ui, i = I, D — 2. 

It is important to remark that the method of generalized Weyl solutions generalizes 
Weyl's work on four-dimensional static and axisymmetric solutions ^Hj. Moreover, one 
also obtains Weyl's form of the metric for four-dimensional static and axisymmetric so- 
lutions by setting yl = in Papapetrou form This is consistent with the fact that 
Eqs. ((rT|) - (fO)) becomes equivalent to Eqs. (fO |) - (fO|) for D = 4 when A = 0, with Ui = U 
and U2 = log r — U. 

Eqs. ()1.5|) can be seen as free Laplace equations for axisymmetric potentials living in 
a three-dimensional flat space. Solutions are then build up from thin rods located at the 
line r = in the three-dimensional space, with a given rod being a source for one of the 
D — 2 potentials Ui jl6j . In this paper we generalize the concept of rods to the more 
general class of stationary and axisymmetric solutions, i.e. solutions for which the Killing 
vector fields are not necessarily orthogonal. One of the new features is that for a given 
rod we can associate a direction in the {D — 2) -dimensional vector space spanned by the 
Killing vector fields. Solutions for which the directions of the rods are not orthogonal to 
each other are then also solutions where the Killing vector fields are not orthogonal to 
each other. 

The outline of this paper is as follows: In Section ^ we derive a canonical form of 
the metric for stationary and axisymmetric pure gravity solutions. Using this, we find a 
simplified version of the Einstein equations, effectively reducing them to an equation on an 
axisymmetric D — 2 by -D — 2 matrix field G living in flat three-dimensional space. Some 
of the details of the derivation are placed in the Appendices ^ |0 and El In Appendix 
\K\ we consider a special subclass of solutions that has the matrix field G living in two- 
dimensional fiat space. In AppendixElwe explore further the equation for the matrix field 
G. 

In Section |31 we consider the behavior of the matrix field G near the r = line in the 
flat three-dimensional space that G lives in. The sources for G lives on the r = line in 
the form of rods. We analyze the general structure of these rods. See also Appendix IFl 

In Section ^ consider the asymptotic region, and we find out how to read off the 
asymptotic quantities for solutions that asymptotic to four-dimensional or five-dimensional 
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Minkowski-space. 

In Section 13 and El we write down the metrics for the five-dimensional rotating black 
hole of Myers and Perry and the rotating black ring of Emperan and Reall in the canonical 
form. We furthermore analyze the rod-structure for these solutions. For the rotating black 
hole solutions, we make use of AppendixOon prolate spherical coordinates, while for the 
black ring solutions we make use of App endix IhI which considers C-metric coordinates and 
how to transform these to the canonical coordinates of this paper. 

In Section [7| we have the conclusions. 

2 Stationary and axisymmetric solutions 

In this section we show that finding stationary and axisymmetric solutions of General 
Relativity in D dimensions without matter (i.e. pure gravity) can be reduced to finding 
solutions of a differential equation on an axisymmetric D — 2hy D — 2 matrix field in flat 
three-dimensional Euclidean space. As part of this, we find a particularly simple form of 
the metric for such solutions. 

With respect to four-dimensional General Relativity, the results of this section gener- 
alizes the work of Papapetrou on stationary and axisymmetric metrics in four dimensions 
^1^3 (see Eqs. in the Introduction), which again is a generalization of the 

work of Weyl on static and axisymmetric metrics JS| • In higher-dimensional General Rel- 
ativity, the results of this section generalizes the work of Emparan and Reall on metrics 
with D — 2 orthogonal commuting Killing vector fields ^H] (see Eqs. (|1.4|) - (|1.6|) in the 
Introduction). We comment in more detail on the connection to previous work in the 
following. Finally, we note that the derivation of this section follows similar lines as that 
of Wald's derivation in for four-dimensional stationary and axisymmetric metrics. 

2.1 Deriving canonical form of metric and the Einstein equations 
Formulation of problem 

In this section we study L>-dimensional manifolds which have D — 2 commuting linearly 
independent Killing vector fields V(j), i = 1,...,D — 2. With Lorentzian signature this 
corresponds to what we in this paper call stationary and axisymmetric space-times, where 
the term "stationary" means that one of our Killing vector fields are time-like, while the 
D — 3 space-like Killing vector fields gives what we call "axisymmetry" of the space-time.^ 
That the Killing vector fields V(j), i = 1, D — 2, commute means that 

[^W,%]=0, (2.1) 

for i,j = 1, D — 2. We see that the Killing vector fields generate a, {D — 2) -dimensional 
abelian group. 

*One can use our results for null Killing vector fields, but we will not elaborate on that case in this 
paper. 
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We restrict moreover ourselves to consider solutions of D-dimensional General Rela- 
tivity without matter, i.e. we consider metrics that solve the vacuum Einstein equations 



R^^u = 0■ (2.2) 

In the following we find a canonical form of this class of metrics and we find furthermore 
a reduced form of the Einstein equations (|2.2|) . 



Finding two-dimensional orthogonal subspaces 

Consider first a general D-dimensional space-time with D — 2 commuting Killing vector 
fields Vj-j), i = 1, D — 2. From the fact that the Killing vector fields are commuting, as 
expressed in Eq. (|2.H) . we get that we can find coordinates x^, i = 1, D — 2, and u", 
a = 1, 2, so that 

Vi, = ^ , (2.3) 
for i = 1,...,D — 2. Clearly, this means that the metric components in this coordinate 
system only depends on and u^. 
We need now the theorem jl3l I16j : 

Theorem 2.1 Let V^i), i = 1, ...,D — 2, be D — 2 commuting Killing vector fields such 
that: 

(1) The tensor V('{]'V"g • • • ^('^".t)^''^^) vanishes at at least one point of the space-time 
for a given i = 1, ...,D — 2. 

(2) The tensor ^(2) • • • ^(D^'-t)^ = ^ ^ = 1' ^ " 2. 

Then the two-planes orthogonal to the Killing vector fields V(j), i = 1,...,D — 2, are 
integrable. □ 

This theorem is stated and proven in four dimensions in [H! using Frobenius theo- 
rem on integrable submanifolds. Emparan and Reall generalized it to higher-dimensional 
manifolds in jl6j . 

Assume now that the two conditions in Theorem 12. II are obeyed. That the two-planes 
orthogonal to the Killing vector fields V(j), i = 1, D—2, are integrable means that for any 
given point of our D-dimensional manifold we have a two-dimensional submanifold that 
includes this point and moreover have the property that for any point of the submanifold 
the two-dimensional tangent-space is orthogonal to all of the Killing vector fields. By 
choosing coordinates on one of these two-dimensional submanifolds and dragging them 
along the integral curves of our Killing vector fields, we can find two coordinates and 

for our D-dimensional manifold so that ^ is orthogonal to everywhere for all 
i = 1, D — 2 and a = 1,2. This means the metric takes the form 

D-2 2 

ds^ = ^ Gi.dM + J2 aabdy'^dy^ , (2.4) 

i,j=l a,b=l 
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where Gij and Qab only depends on and y^. 

From now on we restrict ourselves to solutions solving the vacuum Einstein equations 
H2.2|) . This ensures immediately that Condition (2) in Theorem l2.1l is obeyed. We assume 
furthermore that Condition (1) in Theorem 12. II is obeyed. Condition (1) can for example 
be argued to hold if one of the Killing vector fields is an angle, since then it is zero on the 
axis of rotation. This means for instance that solutions asymptoting to Minkowski-space 
Ai^ for D = 4,5 obeys Condition (1) since they have angles in them. Clearly, the same 
is true for solutions asymptoting to Ai^^^ x for D — p = 4,5. 

The r and z coordinates 

Define now the function r(y^,y^) as 

r = ^\det{Gij)\ . (2.5) 

In Appendix El we treat the case in which det{Gij) is constant, giving rise to a special class 
of solutions. Instead, we assume here and in the following that r(y^,y^) is not a constant 
function. Prom Appendix^lwe get then that 7^ (0,0) except in isolated points. 

We can then use the result of Appendix O that we can find a coordinate z{y^,y'^), along 
with two functions v{y^,y'^) and A{y^,y'^), so that 

2 

J2 dabdy'^dy' = e^-{dr^ + Adz') . (2.6) 

a, 6=1 

Therefore, the full metric takes the form 

D-2 

ds' = ^ G^jdx'dx^ + e'^'^idr' + Adz') , (2.7) 

where i^(r, z) and A(r, z) are functions of r and z. 

From Appendix^ where part of the Ricci tensor for the metric 1)2. 7() is computed, we 
have from Eq. HD.8|) 

D-2 „ . 

y G'^R^, = 5^ . (2.8) 

Since our solution should fulfil the vacuum Einstein equations R^i, = 0, this means that 

drA = . (2.9) 

This gives that A = A(z). Since we preserve the form of the metric 1)2. 7|) under a trans- 
formation z' = f{z) we can therefore set A(z) = 1 by a coordinate transformation of z 
alone. Thus, we can define the z-coordinate by demanding A = 1. This fixes z up to 
transformations z ^ z + constant. 
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Canonical form of metric 

In conclusion, we have shown that for any Ricci-flat space-time with D — 2 commuting 
Killing vector fields V(j), i = 1, ...,D — 2, obeying Condition (1) of Theorem I2.H we can 
find a coordinate system {x^, ...,x^~'^ ,r, z) such that V(j) = ^ and such that the metric 
takes the canonical form 

D-2 

ds^ = Gijdx'dx^ + e^^{dr'^ + dz"^) , (2.10) 

with 

r = ^1 det(Gi,-)| , (2.11) 

where Gij{r,z) and z^(r, z) are functions only of r and z. In addition to the assumption 
that the Killing vector fields should obey Condition (1) of Theorem 12.11 we also assume 
here that det(Gjj) is not constant on our space-time. The situation in which det(Gij) is 
constant is instead treated in Appendix 1X1 



The Einstein equations 

We now consider the vacuum Einstein equations Rf^u = for the metric 1)2.10(1 with the 
constraint (|2.11j) using the computed Ricci tensor ()D.9|) in Appendix IdI 

Considering the Rij = equations we see from ()D.9|1 that the equations for Gij are 



V D-2 D-2 

c>2 + -dr + dl J Gi,- = G'^'drGkidrGij + ^ G^"' d.Gkrd.Gij . (2.12) 

/ u 1—1 i, ;— 1 



kl=l kA=l 



Considering the Rrr — Rzz = and Rrz = equations we see from (|D.9|) that the equations 
for v are 



D-2 D-2 

9r^ = -^ + ^ E G'^G^'drGikdrG.i-^ ^ G'' G^' d,Gikd,G ji 



2r _ 

D-2 (2-13) 
dziy = ^ E G'^G^'drGikdzGji . 

i,j,k,l=l 

Using now ((2. 13(1 together with (|2.12|) one can check that the integrability condition 
dzdrV = drdzV on v{r,z) is obeyed. Thus, for a given solution Gij{r,z) of (|2.12j) the 
equations ()2.1.S|) can be integrated to give v{r,z). 

Finally, there is the remaining non-trivial equation R„ + Rzz = coming from the 
Einstein equations. The explicit expression for this equation is easily found using ()D.9|) 
and is seen to involve second derivatives of v. Since Gij{r,z) and i/(r, z) already are 
determined by (|2.12|) - (|2.13j) it needs to be checked that Rrr + Rzz = is consistent with 
(|2.12() - H2.13() . This can be checked by finding d'^u + d'^u from ((2.13(1 . Inserting the result 
into Rrr + Rzz from ((D.9() this is seen to be zero using ((2.12(1 . 
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Therefore, we have shown that one can find solutions of the vacuum Einstein equations 
for the canonical form for the metric (|2.1fl)) - (|2.11|) by finding a Gij{r, z) that satisfies (|2.12|) . 
Then, subsequently one can always find a function i/{r, z) that satisfies (|2.13() . and thereby 
we have a complete solution satisfying all the Einstein equations. 

Reduction to Papapetrou form and generalized Weyl solutions 

We show here that the canonical form of the metric (|2.10j) - l|2.11j) . along with the form of 
the Einstein equations ()2.12() - (|2.13() . reduces to the previously known cases. 

We first consider the Papapetrou form 1)1.1(1 for four dimensional stationary and ax- 
isymmetric solutions |1()| lllj. with the Einstein equations in the form p.2|) - (jl.3() . Setting 
D = 4, we see that by setting Gu = -e^^ , Gu = -e^^A and G22 = e~^^ {r^ - A^e^^) 
with = t and x'^ = (p, we get the Papapetrou form (|1.1() from (|2.1U() . Furthermore, we 
see that (ITT^ - ltTni) reduce to (tT^ -ltOl). 

Consider now instead the generalized Weyl solutions of |16j which have D—2 orthogonal 
commuting Killing vector fields. These have metric (|1.4j) . and the Einstein equations are 
in the form ((131) -(dEl). We see that setting Gn = -e^^^ and Gu = e^^' for i = 2,..,D- 2, 
we get the metric ()1.4() from the canonical form (|2.10() . det G = —r^ gives then ^Y^=\ ~ 
logr. For the Einstein equations, it is easily seen that ()2.12|) - ()2.1H|) reduces to p.5|) - ()l.(i|) 
(see also Appendix 0. Thus, the canonical form (|2.1UI) - ()2.11() correctly reduce to the 
generalized Weyl solutions. 

2.2 Compact notation for the equations for Gij{r,z) 

We have derived above that the metric of D-dimensional manifolds with D — 2 commuting 
Killing vector fields obeying the vacuum Einstein equations can be written in the canonical 
form (|2.1U|) - ()2.11() . Moreover, the vacuum Einstein equations reduce to (|2.12() - H2.13() . We 
now show that we can write the equations for Gij{r,z) in a more compact form. This is 
highly useful for analysis of these equations. 

For a given r and z we can view Gij as a D — 2 times D — 2 real symmetric matrix, 
with G^^ as its inverse. In this way we can write ()2.12|) in matrix notation as 

G-^ {dl + ^dr + di^ G = {G-^drGf + {G~^d,Gf , (2.14) 

with the constraint | detG| = coming from (|2.11j) . 

We can make a further formal rewriting of (|2.12|) by recognizing that the derivatives 
respects the symmetries of a flat three-dimensional Euclidean space with metric 

dr'^ + r'^d'y'^ + dz^ . (2.15) 

Here 7 is an angular coordinate of period 27r.^ Therefore, if we define V to be the gradiant 

®It is important to remark that 7 is not an actual physical variable for the solution H2.1()^ . but rather 
an auxilirary coordinate that is useful for understanding the structure of Eqs. H2.12II . 
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in three-dimensional flat Euclidean space, we can write (|2.12|) as 

G'^V'^G = {G-^VGf . (2.16) 

Thus, by finding the axisymmetric solutions of the difi'erential matrix equation (|2.16|) in 
three-dimensional flat Euclidean space, that obey the constraint | det G| = r^, we can 
flnd all stationary and axisymmetric solutions of the vacuum Einstein equations in D 
dimensions.^ 

We explore some of the mathematical properties of Eq. p.l6|) in Appendix El Here 
the compact form ()2.16|) of 1)2. 12() prove highly useful. 

3 Behavior of solutions near r = 

In Section [21 we derived the canonical form of the metric (|2.1U() - (|2.11() . along with the cor- 
responding EOMs (|2.12() - H2.13() . for stationary and axisymmetric solutions of the vacuum 
Einstein equations. In this section we consider the behavior of such solutions close to 
r = 0. 

3.1 Behavior of G'(r, z) near r = 

We describe first how the z-axis at r = is divided into intervals, called rods, according 
to the dimension of the kernel of G at r = 0. We find then coordinates in which a solution 
simplifies near a rod, making it possible to describe the solution in detail near the rod. 
We use this to define the rod-structure of a solution in Section f3. 21 

Dividing the z-axis into rods 

Consider a given solution G(r, z). G{r, z) is required to be continuous. Since | det G\ = 

we see that the product of the eigenvalues of G(r, z) goes to zero for r ^ 0. Therefore, 

we have that the eigenvalues of G(0,z), which all are real since G(0, z) is symmetric, 

include the eigenvalue zero for a given z. This means that the dimension of the kernel of 

G(0, z) is greater than or equal to one for any z. We can write this more compactly as 

dim(ker(G(0,z))) > 1. 

A necessary condition for a regular solution is that precisely one eigenvalue of G(0, z) 

is zero for a given z, except in isolated points. This statement is explained in Appendix 

El where we argue that if we have more than one eigenvalue going to zero as r ^ 0, for 

a given z, we have a curvature singularity at that point. Therefore, in the following we 

consider only solutions which, for a given z, only have one eigenvalue going to zero for 

r — > 0, except at isolated values of z. Written compactly, this means dim(ker(G(0, z)) = 1, 

''To be precise, we mean all solutions for which the D — 2 Killing vector fields obey Condition (1) of 
Theorem 12 . 1 1 and for which det(Gij) is a non-constant function on our D-dimensional manifold. 
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except at isolated values of z. Denote now these isolated values of z as ai, 02, a^v, with 

Ol < a2 < • • • < CLN ■ 

We see now that we divided the z-axis into the + 1 intervals [— oo,ai], [01,02], 
[aAr_i,aAr] and [aAr,oo]7 We call these + 1 intervals the rods of the solution. 

One can easily check that the above definition of rods reduces to the definition of 
for the special case of generalized Weyl solutions, i.e. with D — 2 orthogonal Killing vector 
fields. 

Behavior of G(r, z) near a rod 

In SectionElwe found that G{r,z) should solve the equation G^^V^G = (G^^VG)^ with 
the constraint that | detG| = r^. However, this breaks down as r — > 0, because for r = 
we have that det G = so G is not invertible anymore. The reason for this is that we have 
sources added to the equation G~^V^G = (G~^VG)^ at r = 0. The sources corresponds 
precisely to the rods defined above, i.e. the intervals with dim(ker(G(r, z))) = 1. Moreover, 
if we view the solution G(r, z) as a matrix- valued field in the unphysical three-dimensional 
flat Euclidean space with metric ()2.15|) . a rod is really a source in the form of a rod of 
zero thickness in this unphysical space. In the following we examine in detail the equation 
G^^V^G = (G^^VG)^ near a rod in order to describe more precisely the behavior of 
G(r, z) near a rod. 

Consider a solution G{r,z) and a given rod [zi,Z2]- Consider furthermore a given 
value oi z = z^ obeying zi < z^ < Z2- Since G(0, 2*) is a symmetric real matrix we 
can diagonalize it using an orthogonal matrix A* such that A!f G(0, 2;*)A* is diagonal. 
Furthermore, since G{0,z^) has precisely one zero eigenvalue, we can choose A* so that 
(A^G(0,z,)A,)n = 0. 

Define now G{r,z) = Aj^G(r, z)A*. Clearly, G{r,z) is a solution of 1)2.12(1 by Lemma 
IE. 71 and furthermore detG = detG = itr'^. Note that all entries of G{r,z^) are of order 
0{r'^) for r — > 0, expect the entries Gii{r, Z:^), i = 2, ...,D — 2, which are finite and non-zero. 

Since G^^{0,z^) is not well-defined we need to consider the limit G^^{r,z^) for r ^ 
carefully. To this end, define the D — 2 hy D — 2 matrix-valued function M{r, z) by 

Mil = ^ , Mh = ^ , Mij = Gij , i,j = 2, D-2 (3.1) 

for any (r, z). We see that this corresponds to a rescaling x^g^ = rx\-^^. Clearly, we 
have that M(0, z^,) is diagonal, with non-zero eigenvalues. Moreover, we have that G^^ = 
M"/r2, G^* = M^Vr and G'^ = M*^', i,j = 2,...,L> - 2. Since Mu, i = 2,..,D - 2, 
are of order 0{r), we have that M^*, i = 2,..,D — 2, are of order 0{r), and therefore 
that G^*(r, z*), i = 2,..,D — 2, stay finite (or goes to zero) in the limit r 0. Also, 
G'^{r, z^) with 2 < i < j < - 2 and G''{r, z^) (Gii(0, z*))"^ with i = 2, D-2, 
while G^^{r, z^,) is of order 1/r^ for r ^ 0. 

^Note that it is possible to have an infinite number of intervals. 
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Consider now the equation G ^V^G = {G ^VG)^ for z = and r — > 0. We have 

D-2 D-2 

V^Gii = ^"(VGii)^ + 2 G^'VGii • VGi, + &\VGuf , (3.2) 

i=2 1=2 

up to terms that go to zero for r ^ 0. Since we just found that G^* and G** are finite 
for z = z^: and r — > (with i = 2, ...,D — 2) and since we require that Gij{r,z) and its 
derivatives are finite as a necessary condition for regular solutions,^ we see that the LHS 
and the second and third term on the RHS of ()3.2() are finite for z = and r ^ 0. Since 
G^^ ^ cxD we see therefore that we need VGn — > for z = z^ and r ^ 0. If we consider 
instead V'^Ga we see similarly that 

V^Gii = G" (VGii)^ + finite terms , (3.3) 

so we get that VGu ^ for z = z^ and r — > 0. Thus, we have derived that VGii(0, z*) = 
for i = 1, ...,D — 2. In particular, this implies that dzGii{0, z^) = 0. Therefore, since this 
works for any z^, G ] zi , 2:2 [ we get the following theorem: 

Theorem 3.1 Consider a rod [zi,Z2] for a solution G{r,z). Then we can find an or- 
thogonal matrix A* such that the solution G{r, z) = K^G{r, z)A* has the property that 
Gii(0, z) = for i = 1, D — 2 and z G [zi, Z2]. □ 

We take now a closer look at the EOMs (|2.12j) - (|2.13|) near r = 0. Consider a solu- 
tion G(r, z) and a particular rod [zi,Z2]. Using Theorem 13. II we always make a constant 
coordinate transformation of the coordinates so that G(r, z) has the property that 
Gii(0, z) = for i = 1, D — 2 and z € [zi, Z2]. To leading order, we can therefore write 
G(r, z) = (iba(z)r^) © ^(z) for r ^ with zi < z < Z2 where a(z) is a function of z with 
a(z) > for z € ]zi, Z2[ and ^(z) isaD — 3byD — 3 matrix-valued function of z. Thus, 
Gil = ±a(z)r2 for r ^ 0. Note that | det(^(z))| = l/a(z). 

If we consider Eqs. we see that V^Gn = ±Aa{z) + 0{r) and that G^'^idrGnf = 

±4a(z) + 0{r), so this is consistent. Considering drV in ()2.13|) we see that since drGu = 
±2a{z)r we have that dri' = to leading order. Considering instead dzi' in (|2.13|1 . we get 

d,u = l- + 0{r). (3.4) 
2 a 

Thus, to leading order for r ^ we have e^*^ = c^a(z) where c is a positive number. 
Therefore, for r ^ with zi < z < Z2 the metric (|2.1()j) has the form 

ds^ = Aij{z)dx'dx^ + a(z) [±r'^{dx'^ f + c^idr"^ + dz^)] . (3.5) 

ij=2,...,D-2 

This is the behavior of the canonical metric ()2.1U|) near a rod. 

**Except in the endpoints of a rod where the derivatives are not necessarily weU-defined. Hence the 
condition zi < 2, < Z2. 
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Notice now that if Gwjr^ is positive for r ^ the coordinate is space-hke and 
the metric (|3.5|) has a conical singularity for r — > 0, unless is periodic with period 27rc. 
For a regular solution, this means that if we have a rod in a space- like direction we have 
necessarily that this direction is periodic with the period constrained from avoiding the 
conical singularity. 

If Gii/r^ is negative for r — > the coordinate is time-like and we see that there is 
a horizon at r = since G\\ = 0. Moreover, using the above argument for the space-like 
direction, we see that the Wick rotated coordinate ix^ must be periodic with period 27rc. 
This means that the horizon has a temperature T = l/(27rc) associated to it. 

3.2 The rod-structure of a solution 

In this section we define what we mean by the rod-structure of a solution, and we discuss 
the general structure of rods, in view of the considerations of Section [3.11 

Specifying the rod-structure of a solution 

Let a solution Gij{r, z) of Eqs. (|2.11|) - (|2.12|) be given with + 1 rods which meet in the 
z-values oi < a2 < ... < a^- Introduce here the notation ao = — oo and qat+i = oo in 
order to write the equations below more compactly. The solution G(r, z) thus have the 
+ 1 rods [ttk-i, a/c] with k = 1, ...,N + 1. 

Define now for the solution Gij{r, z) the + 1 vectors in M"^^^, A; = 1,...,A^ + 1, 

by 

G(0,z)i;(fc) =0 for zG [afe_i,afc] , k = l,...,N + l, (3.6) 

with / for all k = 1, + 1. In other words, ^(fc) G ker(G(0, z)). We call the 
direction of the corresponding rod [ak-i,ak]- 

We define then the rod-structure of the solution Gij{r,z) as the specification of the 
rod intervals [ofe-i, a^] plus the corresponding directions k = 1, N + 1. 

Obviously, since V(^k) is defined as an eigenvector, it is only defined up to a multiplicative 
factor (different from zero). In other words, one should really regard as an element of 
the real projective space M.P^~^. 

We now demonstrate that it follows from the considerations of Section 13.11 that the 
above definition of the rod-structure is meaningfull. This involves showing that as 
defined in (|3.6() exists and is unique, as element in M.P^^^ 

Observe first that by Theorem 13.11 we get for each of the A^ -|- 1 rods an orthogonal 
matrix A(^,), k = 1,...,N -\- 1, so that (A^,^G(0, z)A(;j))ij = for z G [afc_i,afc]. Define 
the unit vector e = (1,0, ...,0) in M^^^. Note that from the above we have then that 
A^jG(0, 2;)A(^.)e = for z G [ak-i, ak] with k = 1, A^ -|- 1. We can now define the A^ -|- 1 
vectors f (fc) = A(fc)e, k = 1, A^ -|- 1. Clearly, then these A^ -|- 1 vectors t'(fc) obey (|3.6() . 
Thus, we have shown that we can always find A^ -|- 1 vectors obeying (|3.6j) . 
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To see that each of the + 1 vectors v^f,-^ are unique, seen as elements of MP ^, 
it is enough to notice that we know from Section l3.ll that dim(ker(G(0, z))) = 1 for 
z £]ak-i,ak[. 

Discussion of existence and uniqueness of solutions 

We discuss here whether a solution is uniquely given by its rod-structure, and whether 
there exists a solution for any given rod-structure. We consider here only solutions of 
Euclidean signature, but one can easily extend the considerations to solutions of Lorentzian 
signature. 

If we consider the special case of the generalized Weyl solutions of jTH] , corresponding 
to G{r, z) being a diagonal matrix, we clearly have the directions of the rods can be chosen 
to have the form V(^if-j = (0, 0, ±1, 0, 0). It is then known from the analysis of jl6j 
that we can specify a solution completely by the parameters ai < ... < oat and -|- 1 
vectors i.e. a solution is completely specified by its rod-structure. 

We now speculate that this statement can be generalized, i.e. that also in the more gen- 
eral class of solution considered here, a solution is specified uniquely by its rod-structure. 
Thus, we claim in detail that: A solution with A^ + 1 rods is completely determined by 
specifying the parameters ai < ... < a^- and directions k = 1,...,N + 1. I.e. it 
is not possible to find two physically different solutions with A^ + 1 rods that have the 
same A^ parameters ak and A^ + 1 directions Intuitively, this statement seems valid 
since one would expect that the system of equations ()2.12|) determine G(r, z) once we have 
determined the sources for G{r, z) at r = 0. And, the values ak and directions w seems 
precisely to specify that. 

Note that if this statement is true, it is moreover true that it is not possible to find 
two physically different solutions with A^ -|- 1 rods that have the same A^ parameters a^, 
up to a global translation of all A^ parameters, and the same A^ -|- 1 directions ^(jt), up to 
a global rotation of all A^ + 1 directions. 

One can also turn things around and ask whether there exists a solution with A^ + 1 
rods given the A^ parameters ai < ... < and A^ + 1 directions Vj-;.), k = 1,...,N + 1 
(not imposing the solution to be regular). This would be interesting to examine further. 
However, there is an obvious restriction on the directions of the first and last rod [— oo, ai] 
and [aN,oo]- For a given asymptotic space, which the solution is required to asymptote 
to for -^7-2 _|_ _2,2 _> QQ -with z I \/r^~+~z^ fixed (see Section 0} , the directions of these two 
rods should be correlated, and can therefore not be chosen independently. 

3.3 Analysis of the rod-structure 

In this section we summarize how to analyze the rod-structure, and add some useful 
nomenclature and general comments. We consider here solutions Gij{r,z) of (|2.12|) with 
detG = r^. 
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In Section we learned that in order to avoid curvature singularities it is a necessary 
condition on a solution that the eigenspace for the eigenvalue zero of the matrix G(0, z) for 
a given z should be one-dimensional, except for isolated values of z. We therefore restrict 
ourselves to solutions where this applies. Naming the isolated z- values as ai, oat, we see 
that the z-axis splits up into the + 1 intervals [— cxD,ai], [ai, a2],---,[a]\f-i, cln], [o-NtOo]. 
The first task in understanding the rod-structure of a solution is thus to find these intervals, 
called rods. 

Consider now a specific rod [2:1,^2]- From Theorem 13. II fsee also Section [3.2(1 we know 
that we can find a vector 

so that 

D-2 



J2G^j{0,z)v^ = , (3. 



for i = 1, D — 2 and z £ [zi, Z'i\. This vector v is called the direction of the rod [zi, Z2\. 
Then, if GijV^v^ jr^ is negative (positive) for r — > we say the rod [zi,2;2] is time-like 
(space-like). 

Consider now a space-like rod [zi,Z2]- For r ^ with z £]zi,Z2[ we have a potential 
conical singularity. Let be a coordinate, made as a linear combination of x*, i = 1, ...,D— 
2, with 

d i d 

Then in order to cure the conical singularity at the rod, the coordinate rj should have 
period 

Arj = 27Tlhn J-——- , (3.10) 

with z G [21,^2]. This is seen from the analysis of Section l3.ll We see from this that a 
space-like rod corresponds to a compact direction. For a time-like rod, one can similarly 
find an associated temperature, by doing a Wick rotation. Therefore, a time-like rod 
corresponds to a horizon (see Section [3. 1|1 . 

We introduce here some additional nomenclature for rods. Consider a rod [21,2:2]. If 
this is a finite interval we call [21, 22] a finite rod. If either 21 = —00 or 22 = cxd but not 
both of them, we call [21, 22] a semi-infinite rod. [—00, 00] is instead called the infinite rod. 

As discussed in ^H], a finite time-like rod corresponds to an event horizon, at least if 
there are no semi-infinite time-like rods for the solution. Similarly, a finite space-like rod 
corresponds to a Kaluza-Klein direction if there are no semi-infinite space-like rods in that 
direction. Moreover, a (semi-)infinite space-like rod corresponds to an axis of rotation, 
with the associated coordinate being the rotation angle, while a semi-infinite time-like rod 
corresponds to an acceleration horizon. 
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4 Asymptotically flat space-times 

In this section we consider asymptotically flat space-times. We consider the four- and 
five-dimensional Minkowski-spaces Ai^ and Ai^, and we consider the asymptotic behavior 
of solutions that asymptote to Ai^ and Ai^. 

The Minkowski-spaces Ai'^ and Ai^ are special in that they are the only Minkowski- 
spaces that one can describe using the ansatz (|2.1flj) - (|2.1H) . This is easily seen by counting 
the number of Killing vector fields. An obvious generalization of the considerations of this 
section would be to consider the Kaluza-Klein space-times Ai'^ x and x 5^, or other 
space-times with even more compact directions, i.e. Ai'^ x or Ai^ x T^. We leave this 
for the future.^ 

In the following we put Newtons constant Gn = 1. To reinstate Gn one should 
substitute M ^ GnM and J G^^J. 



4.1 Perturbation of diagonal metric 

Before describing asymptotically flat spaces, we first develop a tool that will prove useful. 
We consider in this section a perturbation SG{r, z) of a solution G{r, z) of Eqs. 1)2. 12() . with 
G(r, z) being diagonal, such that G(r, z) + 5G{r, z) also is a solution of Eqs. (|2.12j) . This 
will be useful below since asymptotic behavior of a solution typically involves the solution 
asymptoting towards a diagonal metric like for example the metric of Minkowski-space. 
The results here can also be used in a broader context to find corrections to solutions. 
Now, Eqs. (|2.12|1 for the perturbation 5G(r, z) becomes 

V^^G,- =i^ + ^\ ■ V6G., - ^ . ^6G., . (4.1) 

We see here that the equations for 6Gij are completely decoupled. I.e. we can solve for 
each component of 6G{r,z) separately. The only constraint is that |det(G + SG)\ = r^. 
Using that | detG| = this constraint can be written as tr(G~^5G) = which we again 
can write as 

E^ = 0- (4-2) 

1=1 

We see thus that only the diagonal components of 5Gn are subject to a constraint. We 
note that for the diagonal components of (5G(r, z) the equations 1)4. 1(1 can be written 

(ff ) = ' (4-3) 

for i = 1,...,L> - 2. 



^Strictly speaking, one can consider higher-dimensional Minkowski-spaces with D > 6, for example 
by making the split up = A^** x R^"**, with the R^~* part spanned by the Killing vector fields. 

However, one can not use that to write any non-trivial solutions which asymptotes to A^^, since any 
solution would be independent of the R^~* part. Instead, one should consider A^* x or x T^~^ . 
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4.2 Four-dimensional asymptotic Minkowski-space 

We consider in this section the four-dimensional Minkowski-space Ai'^ and the asymptotic 
structure of solutions asymptoting to A4^. 

We first describe D = A Minkowski-space A^^. In terms of G{r, z) we have that is 
given by 

Gil = -1 , G22 = , (4.4) 

Thus, we have an infinite space-like rod [— cxd,oo]. In accordance with (|2.13l) we choose 
e^^^ = 1. Demanding regularity of the solution near r = we get using p.lUf) that = cf) 
should have period 27r. Making the coordinate transformation 

r = psinO , z = pcosO , (4-5) 

we get the metric in spherical coordinates 

ds"^ = -dt^ + p2 sin^ ed())^ + dp"^ + p^de^ , (4.6) 

where we put = t and = (p. 

If we consider a D = 4 asymptotically Minkowski-space solution we have for p ^ 00 
the corrections to the metric 

9u = -! + — + 0{p~') , 9,^ = -2J^ (1 + 0{p-')) , (4.7) 
p ^ p ' 

with g^^ = p^ sin2 0(l + O(p-i)). 

In the (r, z) canonical coordinates the asymptotic region corresponds to \/r^~+^ — > 00 

with z/Vr'^ + z'^ finite. In the canonical coordinates we have therefore from (|4.7|) the 

asymptotic behavior 

Gn = -1 + + 0{{r' + z^') , ^12 = -y^^ + 0{{r' + z^') , 

Vr^ + z^ (r2 + z^) 
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G22 = r 



l + ^^= + 0{{r^ + z'r') 



(4.8) 



for ^/r'^ + z'^ 00 with z/Vr"^ + z"^ finite. For G22 we used (j4.2j) and (|4..S|) of Section IITTI 
We see from ()4.8p that the leading asymptotic behavior of G{r, z) is determined completely 
from M and J. For e^'^ , the asymptotic behavior is simply that e^^ ~ 1 for ^/r'^ -\- z'^ — > 00 
with z/^Jr'^ + z'^ finite. 

The period of (f) 

In the above we considered the period of = to be 27r. We can also consider the more 
general case where x'^ = (p has period A(j) = 27re. Then the asymptotic behavior of a 
solution is 



2M 1 ^ ^ 2J 



Gii~-1 + — ^=^, Gi2=.-^— — -T, e'-''^e\ (4.9) 



for ^7-2 _|_ ^2 _^ ^ with z/V + z^ finite, where we used here a less precise notation than 
above for the sake of brevity. 
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4.3 Five-dimensional asymptotic Minkowski-space 



We consider in this section the five-dimensional Minkowski-space A4^ and the asymptotic 
structure of solutions asymptoting to A^^. 

We first describe D = 5 Minkowski-space A4^. In terms of G{r, z) we have that M.^ is 
described by 



G 
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-1 , G22 = vV2+^-z, G33 = ^/r^ + z^ + z . 



(4.10) 



This corresponds to two semi-infinite rods [— cxd, 0] and [0, 00]. In accordance with Eqs. (|2.13j) 
we choose 



1 



, : . (4.11) 

Demanding regularity of the solution near r = we get using ()3.1U|) that both and 
are periodic with period 2tt. Making the coordinate transformation 



1 2 1 2 

-p sin 20 , z = -p cos 20 



we get the metric in spheroidal coordinates 



-dt^ + p^ SIT? 



2 + p2 cos^ ed^"^ + dp^ + p^de'^ 



(4.12) 



(4.13) 



where we put = t, = and = ip. We remind the reader that regularity of the 
solution requires both = <j) and x'^ = ip io be periodic with period 2tt. 

If we consider a D = 5 asymptotically Minkowski-space solution we have for p ^ 00 
the corrections to the metric 

8M 1 



9tt 



-1 + 



Sir p^ 



9t<j) 



4Ji sin^ 



;i + o(p-2)) , 



+ o{p-^) , 
4 J2 cos2 e 



(4.14) 



'i + o{p-')) , 



IT TT p^ 

with g^^ = p'^sii?6{l + 0(p^'^)) and g^^ = p"^ cos'^ 6{1 + 0(p^'^)). Using this together 
with (|4.1|) and (|4.2j) . we get the asymptotics in the (r, z) canonical coordinates 



Gil 



-1 + 



4M 



1 



+ 0((r^ + z2)-i) , G23 = C 



Svr + z^ 



G 



z^ — z 



12 



+ 0{{r' + z^)-^) , G 



vr 



^2 _|_ --2 
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^ + 0((r2 + z2)-i 

(r^ _|_ 2:2) 2 
J2 \/r2~+^ -|- z 



+ 0((r^ + z2)-i), 



vr 



^2 _|_ ^2 



G' 



22 



y/j,2 _|_ _ 2 



l + :^^il. + 0((.^+.^)-- 



33 



y/j,2 _|_ 22 _|_ 



1 + 



3vr -I- z2 
2 M - r? 



+ 0((r2 + z 



2^-l^ 



(4.15) 



for 1/7-2 _|_ 22 _> 00 with z/\/r2~+^ finite, where C and are constants. Note that 7/ 
changes under the transformation z ^ z + constant and is thus not a gauge-invariant 
parameter, unlike C,. Finally, we remark that the asymptotics of e^^^ is 

1 



2Vr2 + z2 ' 



(4.16) 
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for \/r2 + — > oo with z/^/r"^ + finite. 
The periods of (\> and V' 

The periods of = and = ip were chosen to be 27r in the above. We consider here 
the more general case where the period A0 of = and the period A.ip of = ip are 
given by A0 = At/j = 27re. Then the asymptotics of Gij{r, z) and e^*^ takes the form 

AM 1 ^ _ , C _2i. . , 



G 



Gil ~ -1 + 773^^=== , ^23 ^71—^ e 

1 + 



12 



37re2 ^^2 + ^2 ' "'^"£4^^2 + ^2)1' " 2Vr2 + z2 ' 

2 M + r] 

2 M - ?7 



Ji + 2;2 _ 2 / ^— — - 

^- n , G22 V + 2^ 



Tie'^ ^2 _|_ ^2 



(4.17) 



Gl3 =^ — +^ +f ^ G33 ~ f\/r2 + z2 + 2 



1 + 



for \/r2~+^ — > CO with z/^/r"^ + z2 finite, where we used here a less precise notation than 
above for the sake of brevity. 

5 Rotating black hole solutions 

In this section we consider rotating black hole solutions in four and five dimensions and 
describe them using the canonical form of the metric (|2.10j) - (|2.11|) . 

5.1 Kerr solution 

We first consider the four-dimensional Kerr solution which corresponds to a rotating 
black hole. The topology of the event horizon is that of a two-sphere S"^ . It is already 
known how to write the Kerr solution in the canonical form (|2.1U() - (|2.11() (see for example 
[1211141 but we review this here for completeness, and since it illustrates the methods 
developed in Section 

The Kerr metric in Boyer-Linquist coordinates is 



ds^ = dt^ - 2asm^e- 

+— sm^ OdiP' + —dp^ + T,d9^ 



(5.1) 



with 



A = p2 _ 2Mp , S = p2 cos^ 6 . (5.2) 

The coordinates for the two Killing directions are = t and = <j). From det(G) = 
—A sin^ 9 we get the r-coordinate, and it is a straightforward exercise to find a z-coordinate 
so that the metric fits into the ansatz ()2.1UI) . We find 

r = VAsme, z = {p-M) cos 9. (5.3) 
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Using this, we can in principle write the Kerr metric in the canonical form (|2.1U|) - (|2.11j) . 
However, it is useful to instead first write the Kerr- metric in the prolate spherical coor- 
dinates (see Appendix lU)) . From the definition HG.1|) of the prolate spherical coordinates 
(x, y) we see that 

a'^ix'^ -l){l-y'^) = Asin^e , a x y = {p - M) cos9 , (5.4) 

Using the ansatz x = x{p) and y = y{9) we get 

p-M 



, , y = cose, a = \/m2 - a"^ . (5.5) 

We compute 



x2 cos^ A + 2/2 sin^ A - 1 (1 - y2)(i -|- ^ cos A) 

^11 = ~t: 779 „ . o . ) (-^12 = —2a 



(1 + xcosA) + y2 gin2 A (1 + 2; cos A) + y'^ sin^ \ 

2y (^1 + X cos A)^ + y2 sin2 A 



(5.6) 



e 



(x2 — y2) (jos2 A 
where we defined 



si„A = A. (5,7) 

The G22 component can be found from 

GL-a2(x2-l)(l-y2) 
G22 = • (5.8) 

We obtained now Gij and e^'^ as functions of x and y. From this it is straightforward to 
use Eq. ()(t.7|) to get Gij and 62"^ as functions of r and z. 

Asymptotic region 

Using (|G.9|) we find that in the asymptotic region ^Jr'^ + z'^ 00 with z/^r'^ + z"^ finite, 
we have 

2M 

= + ' ^12 = -2Mfl +0((rVz^)-^) . (5.9) 

Vr2 + z2 (r^ + z^)'^/^ 

From (|4.8|) we see that this means that M is the mass, which justifies our use of this 
symbol in the solution, and that the angular momentum is J = Ma. 

Note that e'^'^ ~ 1 in the asymptotic region. From Section r4.2l we know that this means 
that A(/) = 27r, i.e. that (p is required to have period 2tt. This can also be found directly 
from the solution near r = using the analysis of Section lllll 

Rod-structure 

We now analyse the rod-structure of the Kerr solution according to the methods of Section 
H We have: 
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• The two semi-infinite space-like rods [—00, —a] and [a, 00]. For z G [—00,— a] and 
r = we see from (|(t.7|) that x = —z/a and y = —1. Similarly, for z G [a, 00] and 
r = we have that x = z/a and y = 1. Considering Eqs. H5.6|) and (|5.8|) we see 
that for both intervals G12 = G22 = while Gn 7^ 0. By Eq. ()3.8|) this means that 
the two rods both are in the direction v = (0, 1), i.e. that the rods are in the djdx^ 
direction and therefore space-like. 

• The finite time-like rod [—a, a]. For z G [—a, a] we see from ()(i!.7|) that x = 1 
and y = z/a. Considering Eqs. 1)5.6(1 and (|5.8|) we see that Yl%i GijV^ = for 
z G [—a, a] with 

This means that we have a rod [—a, a] along the direction (|5.1U|) . Since GijV^v^ /r'^ is 
negative for r — > the rod is time-like. Note that 0, in H5.1U|) is the angular velocity 
of the event horizon. ^'^ One finds easily that this rod corresponds to an event horizon 
of topology 5^. This is a consequence of the fact that the rods on each side of the 
[—a, a] rod are in the same space- like direction, i.e. the d/dx"^ direction. 

For the time-like rod [—a, a] we see from ()5.1U() that if we change coordinates as x^ = 
and = — Q.x^ , then in these coordinates the [— Q, a] rod is along the d/dx^ direction. 
This means that x^ and x^ are two of the coordinates of the comoving coordinates for 
the Kerr solution since the comoving coordinates precisely gives a diagonal metric at the 
horizon. In other words, finding the direction of the [—a, a] rod precisely corresponds to 
finding the comoving coordinates near the horizon. 

Finally, in the accordance with the ideas of Section f3. 21 we note that we can make an 
alternative parameterization of the Kerr solution by stating that we have three rods, the 
two rods [—00, —a] and [q, 00] in the x^ direction and the rod [—a, a] in the (1, il) direction. 
Then the whole Kerr solution can be parameterized uniquely by the two parameters a and 

n. 



5.2 Five-dimensional Myers-Perry solution 

The five-dimensional Myers-Perry solution [7j corresponds to a five-dimensional spinning 
black hole.^^ This is an asymptotically flat stationary solution of the vacuum Einstein 
equations with an event horizon that has the topology of a three-sphere S^. 

^'^Note that v in 15.101 precisely is the null Killing vector for the Killing horizon (the event horizon), 
since v = X]i=i ^^'^ since = djV^v^ — for r — and z G [—a, a]- In other words, for a Killing 

horizon the null Killing vector is the same as the direction of the time-like rod. 

^^The five-dimensional Myers-Perry black hole generalizes the static Schwarzschild-Tangherlini black 
hole [SI. 
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The metric of the five-dimensional Myers- Perry black hole is 



dt^ + ^[dt- ai 



sm 



02 cos' 



+{p'^ + al) sin^ + (p2 ^ cos2 ^^^2 ^ ^ ^.^^2 



(5.11) 



where 



1 + ^1 + ^ 



T, = p'^ + af cos^ 6* -|- 02 sin^ 1 



(5.12) 



The coordinates for the three Killing directions are = t, x'^ = (p and x^ = ■0- We 
now transform this metric to the canonical form (|2.1Uj) - (|2.11|) . We compute that detG = 
— |p^Asin^2^. From this we can determine r, and z can be found by demanding the 
metric to be of the form ()2.1U|) . We get 



ipVAsin20 , z = ^p^(l 



pl-aj- al 
2p2 



cos 2Q 



(5.13) 



This determines in principle how the Myers-Perry metric (|5.1ip should transform to the 
form (|2.1U|) . However, as for the Kerr metric, it is convinient to express the Myers- 
Perry metric in prolate spherical coordinates, defined in Appendix O instead. From the 
definition of the prolate spherical coordinates (|G.1|) we see that 



2/ 2 

a [x 



= ^p2Asin2 20 , axy = \^p^\\ 



pl-a\- a\ 
2p2 



cos 2Q 



(5.14) 



If we try the ansatz x = xi^p) and y = y{6) we get 



2p^ + al + al-pl 



\/(Po - «i - 02) 



, y = cos 29 , a 



{pl-al-alf-Aa\al. (5.15) 



l"'2 



Using this, we can write Gij and e in terms of the prolate spherical coordinates. We get 

4.ax + {al - al)y - pI _ aipl{l - y) 



Gil = 
Cis = 

G33 



Aax + {aj - al)y + pi ' 

Q2Po(l + j/) 
Aax + (aj - al)y + pi 

1-y 



G12 
G23 



4 

1 + y 



4ax + pI + al — a2 + 



4ax + pI — af + a^ + 



4ax + (of - a|)y + pi ' 

^ 1 aia2plil - y'^) 
2 Aax + {a\ - al)y + pi 

2alpl{l-y) 
Aax + (af - a1)y + pi 

2alpl{l + y) 



(5.16) 



Aax + (of - al)y + pi 
Aax + (of - al)y + pi 



8a2(x2 



Using Eq. (IHTtI) it is now a straightforward exercise to write the components Gij and e 
as functions of the canonical (r, z) coordinates. 



2u 
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Asymptotic region 



Regarding ()5.16|) as functions of the canonical coordinates (r, z), we find that Gij{r, z) in 
the asymptotic region, + — > oo with + z"^ finite, behaves as 



G 



11 



-1 + 



pI 



+ 0((r^ + z2)-i), G 



2\/r2 + 2;2 



12 



aipo 



2 



z^ — z 



+ 0((r^ + z2)-i), 



^2 _|_ --2 
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j,2 _|_ -,2 

«ia2Po^^ 
8(r2 + z2)3/2 



+ 0((r2 + z 



2\-l\ 



G22 



^2 _|_ --2 _ 2 



Vr^ + z^ + 



1 + 
1 + 



/5o - of + ai 



+ 0((r2 + z 



2^-l^ 



We can now use (|4.15p to read off the asymptotic quantities. We get 



(5.17) 



M 



2t^2t'^2/-1 2 ^'^z 2 2\ 1 r. 1 o\ 

Po ) "^1 = ^"i/'o > "^2 = 702/20 > C = o«l«2Po ' ^ = — (oi - a2) • (5-18) 



Note that one can see from the above results that ~ l/(2\/ r2 + ^2). From Section ESI 
we have that this means = cj) and x'^ = are periodic with period 27r. 



Rod-structure 

We now analyse the rod-structure of the five-dimensional Myers-Perry solution according 
to the methods of Section |21 We have 

• The semi-infinite space-like rod [—00, —a]. For z G [—00, —a] and r = we see from 
()G.7|) that X = —z/a and y = —1. From 1)5. 16() we see then that G13 = G23 = G33 = 
0. By Eq. ()3.8|) we see that this rod has the direction v = (0,0, 1), i.e. it is in the 
d/dx^ direction. 

• The finite time-like rod [— Q,a]. For z G [—a, a] we see from HG.7|) that x = 1 and 
y = z/a. Using (|5.16|) . we see that Y^j=i GijV^ = for z G [—a, a] with v being the 



vector 



with 



V = {1,^1,0.2) , 

Pq + al — al — 4:a /Jq — of + — 4q 

— , ih = — 



(5.19) 



(5.20) 



2aipl ' 202P0 

Therefore, the rod [—a, a] is in the direction v given by (|5.19() . Note that l^i and 
Q2 are the angular velocities of the Myers-Perry black hole. That the rod [—a, a] 
is time-like can be seen by noting that Gijv^v^ /r'^ is negative for r — > 0. One can 
check that this rod corresponds to an event horizon with topology S^. This follows 
from the fact that the [—a, a] rod has space-like rods on each side in two different 
directions. 
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• The semi-infinite space-like rod [a, oo]. For z G [a, oo] and r = we see that x = z/a 
and y = 1. From (|5.16j) we see then that G12 = G22 = G23 = 0. This means that 
the rod [q,oo] is in the direction v = (0, 1,0), i.e. in the d/dx'^ direction. 

We see that one can use the direction (|5.19|1 to transform to coordinates (x^,x^,x^) = 
(x"^,x^ — Q,ix^,x^ — ^^22;^) so that the [—a, a] rod is along the d/dx^ direction. This 
means that (x^,x^,x^) are comoving coordinates for the event horizon. Thus, finding 
the direction of the rod [—a, a] corresponds to finding the comoving coordinates on the 
horizon of the Myers-Perry black hole. 

We note furthermore that we can make an alternative parameterization of the five- 
dimensional Myers- Perry solution. Clearly, the direction v = (I,r2i,r22) in 1)5. 19(1 is given 
uniquely by the two parameters f^i and 1^2- Letting then a be the third parameter, we 
have that the five-dimensional Myers-Perry solution is characterized uniquely by the three 
parameters a, Qi and Q2, in accordance with the ideas of Section 

5.3 Myers-Perry solution with one angular momentum 

In the following we give details on the five-dimensional Myers-Perry solution with one 
angular momentum. In our conventions, we obtain the Myers-Perry solution with one 
angular momentum below from the Myers-Perry solution with two angular momenta above 
by setting ai = a and 02 = 0. The metric is 



2 

ds'^ = -dt^ + ^{dt- asin^ ed(b)^ + (p^ + a^) sin^ ^d^^ + p2 ^^^2 q^^2 



(5.21) 



where 

A = p"^ - pl + a"^ , 1: = p^ + cos^ 6 . (5.22) 
From ()5.13|) we see that the (r, z) coordinates are given by 

r = -p^/Asm2e , = ( 2^^^ ~ 4 — J cos 20. (5.23) 

The prolate spherical coordinates are given by 

2^2 2 _ 2 

y = cos29, a = !^^ , (5.24) 



p2-a2 ' - ' 4 

as one can see from (|5.15|) . From Eqs. (|5.16|) we obtain that the metric in prolate spherical 
coordinates is given by 



X cos^ A + y sin^ A — 1 2-yatan A(l — y) 

Gil = ■ 9 , , , , G12 ^ 



X cos2 A -|- y sin A + 1 x cos^ A -|- y sin A + 1 



9 . n , 2sin^ A(l - y) 

xcos^A + l + sm^A-F ^ 



X cos2 A -|- y sin A -|- 1 



(5.25) 



2^ xcos2A-hysin2A + 1 
G33 = a(x + l)(l + y), e = 2a cos^ A(x2 - y2) 
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where we have defined 



sinA = — . (5.26) 



Using Eq. ()(i!.7|) we get furthermore the metric written in the canonical form (|2.1()j) - (|2.1Hl 
as functions of the canonical (r, z) coordinates 



R+ + R- cos 2A - 2a 2^0 tan A(2a - + 



R+ + R- COS 2A + 2a R+ + R- cos 2A + 2a 



_2a- R+ + R- 

^22 — — 



„ „ 1 + sin^ A 4a tan^ A(2a - R+ + R 
R+ + R- + 2a + 



4a 

G33 = i?+ + z + a , e 



cos2 A R+ + R- cos 2A + 2a 

2j, R+ + R- cos 2A + 2a 



(5.27) 



4i?+i?_ cos2 A 
with 



R+ = v^r2 + (z + a)2 , i?_ = yjr"^ + {z - . (5.28) 

We see that the whole solution ()5.27|) is determined by the two parameters a and A. 

From the analysis of the asymptotic region of the Myers-Perry solution with two an- 
gular momenta, we see that the asymptotic quantities are now 

M = -jpI ' "^i = I^pI ' -^2 = 0, C = , r/ = —a^ . (5.29) 

We list for completeness here the rod-structure of the solution (|5.27() . This can easily be 
obtained using the results of the analysis for the case of two angular momenta. 

• The semi-infinite space-like rod [— cxd, —a]. This rod is in the direction v = (0,0, 1), 
i.e. in the d/dx^ direction. 

• The finite time-like rod [—a, a]. This rod is in the direction v given by 

n n n\ n " sin A cos A 
v = {l,n,0), n = — = — . (5.30) 

Po 2Va 

• The semi-infinite space-like rod [a, 00]. This rod is in the direction v = (0, 1,0), i.e. 
in the d/dx^ direction. 



6 Black ring solutions 

In this section we consider the rotating black ring 1^. The rotating black ring is the first 
known example of a stationary and regular asymptotically fiat five-dimensional solution 
with an event horizon that is not topologically a three-sphere S^. Instead the horizon is 
topologically a ring 5*2 x 5*^. 

We first describe in Section f6. II the general black ring solution which generically has a 
conical singularity. We write its metric in the canonical form H2.1U|) - (|2.11j) and discuss the 
rod-structure. We consider then briefiy the special case of the static black ring solution 
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and furthermore how to obtain the Myers-Perry rotating black hole with one angular 
momentum. 

In Section EH we present the regular rotating black ring, write its metric in the canon- 
ical form H2.1U() - H2.11() and discuss its properties. 

6.1 General black ring solution 

We begin by reviewing briefly the general black ring metric. So far, the general black 
ring metric has been written only in the so-called C-metric coordinates. In the C-metric 
coordinates of the general black ring metric is^'^ 



F{v) / ^ 1 + ^^ ,A 2K2F(n 



ds^ = -—^ dt - CK——d6 + 



F{u) V F{v) J (u-v) 



-d(t)' + + 



F{v) ^ F{u) ^ G{u) G{v) 

(6.1) 

Here F{^) and G(^) are the structure functions, which takes the form 

F(0 = l + 6^, G(0 = (l-a(l + cO, (6.2) 
where the parameters b and c lie in the ranges 

< c < 6 < 1 . (6.3) 
Furthermore, in (|6.1|) . the constant C is given in terms of b and c by 



C=y26(&-c)i±^ . (6.4) 

The u and v coordinates in ()6.1|) have the ranges 

-1 < n < 1 , v<-l. (6.5) 

Note that the solution 1)6. 1(1 generically has conical singularities atii = l,M = — 1 and 
V = —1 120]. These will be analyzed below using the methods of Section |31 We note here 
that while the potential singularities at n = — 1 and v = —1 will be cured by choosing the 
periods oi = cf) and = tf^ appropiately, we do not fix the singularity at n = 1 before 
in Section 16.21 where we consider the regular rotating black ring. Thus, in the following 
the black ring solution is generically singular at u = 1. 

^■^We use here the C-metric coordinates of 20 , since they are particular convinient for our purposes. 
There have been given three different, but equivalent, C-metric coordinates for the black ring in the 
literature: i) The original coordinates of ^6,. ii) The coordinates described in \'21\ where one takes the 
solution of |S] and rewrite it so that structure functions are factorizable. iii) The coordinates of \'20\ where 
the structure functions also are factorizable, but where det G is simpler. 
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Metric in canonical coordinates 



We now find the metric in the canonical coordinates H2.1U() - H2.11|) . In the following we 
use extensively the results of Appendix^ In Appendix EI the general relation between 
C-metric coordinates {u, v) and the canonical coordinates (r, z) is discussed in detail. 
Furthermore, for the specific case relevant here several useful relations between the C- 
metric coordinates (u, v) and the canonical coordinates (r, z) are given. 

We take the coordinates for the Killing directions to be = t, x'^ = (f) and = tp. 
Using the results of Appendix ^ we see that the r and z coordinates takes the form 



2k'^J-G{u)G{v) k'^{1-uv){2 + cu + cv) , , 

r = , z = "2 . 6.6) 

This is obtained by first computing det G, which gives r. In Appendix^ it is then found 
for this particular r, given by the structure function G(^) in (|6.2|) . that z can be chosen 
as in (IhH) . 

From ()6.1() and 1)6. 2() we get using HH.18|) of Appendix^ giving u and v as functions 
of r and z, that Gij{r, z) is 

(1 + - c)Ri + (1 - + c)i?2 - 2(6 - c)i?3 - 26(1 - c^)k^ 



G 
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(1 + 6)(1 - c)Ri + (1 - 6)(1 + c)i?2 - 2(6 - c)i?3 + 26(1 - c^)^^ 



^ ^ 2Gk{1-c){R^-Ri + {1 + c)k') 

(1 + 6)(1 - c)Ri + (1 - 6)(1 + c)i?2 - 2(6 - c)i?3 + 26(1 - c^)k^ ' ^ ' ' 

_ [Rl +R2 + 2cK^){Ri - i?3 + (1 + c)k^){R2 + i?3 - (1 - c)k^) 

2k''{{1-c)Ri-{1 + c)R2-2cR^) 
where we have defined Ri, R2 and i?3 by 

Rl = + {z + CK^f , R2 = + {z - CK^f , R^ = + (z - ^2)2 , (6.8) 

as also defined in (|H.15() . For simplicity, we do not write G22 explicitly here, but note that 
it is given implicitly as a function of (r, z) by 

G22 = -JT-P^ + -^ ■ (6.9) 
Lrll(j33 '^11 

Using now furthermore (|H.lfl|) . we get 

= [(1 + 6)(1 - c)Ri + (1 - 6)(1 + c)R2 + 2(c - 6)i?3 + 26(1 - ^)k^] 

(1 - c)Ri + (1 + c)R2 + 2ci^3 (6.10) 

^ 8(1 - C2)2i?ii?2^3 

This completes the general black ring solution as written in canonical coordinates ()2.1UI) - 
()2.11() . Note that using (|II.17|) in Appendix^ it is easy to see that G33 can be written in 
the alternative form 



{R^ + Z - K^){R2 - Z + CK^ , 

<^33 = 5 2 • ^^-^^l 

Ry — Z — CK'^ 
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Rod-structure 



We now analyze the rod-structure of the general black ring metric. This includes an 
analysis of the possible conical singularities of the solution. The rod-structure is as follows: 

• The semi-infinite space-like rod [—00, —ck?]. For r = and z £ [—00, —ck?] we have 
that Ri — Rs + {I + c)k? = which using (|6.7|) is seen to give that G33 = 0. This 
means we have a rod [— 00,— ck^] in the direction v = (0,0,1), i.e. in the d/dx^ 
direction. Using (|3.10|) we see furthermore that = il) needs to have period 

AV; = 27r^^iH^ , (6.12) 
1 — c 

to avoid a conical singularity for r = and z G [— 00,— ck^]. Since u = —1 is 
equivalent to iii — i?3 + (1 + c)k^ = we see that this conical singularity corresponds 
to the one at n = — 1 mentioned above. 

• The finite time-like rod [— ck^,ck^]. For r = and z G {—ck?',ck?\ we see that 
Ri + R2 — 2cK? = 0. One can then check that J2^=i GijV^ = for r = and 
z G [— CK^, CK^] with V being the vector 

v = {i,n,o) , n= J" ~^ . (6.13) 

(1 — c)Ck 

Prom this we see that we have a rod [—ck^,ck^] along the direction v given in (|6.13|) . 
The rod [—ck^,ck^] is time-like since Gijv^v^ /r'^ is negative for r — > 0. Note that Q in 
()6.13|) is the angular velocity of the general black ring solution. One can check that 
this rod corresponds to an event horizon with topology x S^. This follows from 
the fact that the [—ck?, ck^] rod has rods in the d/dx"^ direction on each side, so that 
the z and x^ coordinates parameterize the while the coordinate parameterize 
the S\ 

• The finite space-like rod [ck^,k^]. For r = and z G [ck^,k^] we have that R2 + 
i?3 — (1 — c)k^ = 0. Using ()6.7() we see that this gives that G33 = 0. This means we 
have a rod [ck^,k^] in the direction v = (0,0, 1), i.e. in the d/dx^ direction. Using 
()3.10() we see furthermore that x^ = if) needs to have period 

AV. = 27r^^ , (6.14) 
1 + c 

to avoid a conical singularity for r = and z G [ck^,k^]. However, since we have 
already fixed the period oix'^ = ip by (|6.12() . curing the conical singularity associated 
with the rod [ck? , k^] requires putting b = 2c/(l + c^). We do not fix h in terms of 
c here, thus we consider here solutions that can have conical singularities for r = 
and z G [ck^^k^]. In Section 16.21 we consider the subset of solutions for which we 
do not have any conical singularities. Finally, note that since u = 1 is equivalent to 
i?2 + i23 — (1 — c)k^ = we see that this conical singularity corresponds to the one 
at ti = 1 mentioned above. 
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• The semi- infinite space-like rod [k? , oo] . For r = and z G [k^ , oo] we have that 
i?i — i?3 — (1 + c)k^ = 0. Using (|6.7j) we see that this gives that G12 = G22 = 0. 
This means we have a rod [k'^jOo] in the direction v = (0,1,0), i.e. in the djdx^ 
direction. Using (|3.1U|) we see furthermore that = (/> needs to have period 

Ac/) = 27r^:^i^ , (6.15) 
1 — c 

to avoid a conical singularity for r = and z G [k^ , cxd] . Since f = — 1 is equivalent 
to /Zi - - (1 + c)k2 = we see that this conical singularity corresponds to the 
one at u = — 1 mentioned above. 



Static black ring 

We consider here briefly the case of the static black ring, obtained by setting b = c. 
The static black ring was first discussed in ^Hl- The static black ring is in the class of 
generalized Weyl solutions of JH] since its metric is diagonal. 

Putting 6 = c in (|6.1|) one easily gets the neutral black ring in C-metric coordinates. 
Note that C = 0, G{0 = (1 - F(0 = 1 + and < c < 1. Using (IfTTjl - ljinni) . 

we see that the static black ring metric in canonical coordinates (|2.10() - (I2.11() takes the 
form 

Ri + R2- 2cK^ Ri- z - CK^ 



G 
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Ri + R2 + '2ck'^ R2- z + ck? ' 

-2 ^ _ (-^3 + Z - K^)(i?2 - Z + CK^^ 
Rl — Z — CK? 



G22=R,-z+n\ G33 = ^^^^"^:^^,^^":, (^-le) 



{Rl +R2 + 2cK^) [(1 - c)Ri + (1 + c)R2 + 2CR3] 



8(1 - c^)RiR2Rz 

The static black ring metric have previously been written in canonical coordinates in jl6j 
since it falls in the class of generalized Weyl solutions considered there. The rod-structure 
of the static black ring is: 

• The semi-infinite space-like rod [— 00, — ck^] in the d/dx^ direction. 

• The finite time-like rod [— ck^,ck^] in the d/dx^ direction. 

• The finite space- like rod [ck^,k^] in the d/dx^ direction. 

• The semi-infinite space-like rod [k^,cxd] in the d/dx'^ direction. 

We see that all the rods are rectangular relative to each other. The rod-structure of the 
static black ring was previously described in jltij . 

Getting the Myers-Perry black hole from the general black ring solution 

We show here how one obtains the five-dimensional Myers-Perry rotating black hole so- 
lution with one angular momentum, that we considered in Section [5.31 from the general 
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black ring solution. This has previously been described in Ref. [20] in terms of the C-metric 
coordinates used in the metric (|6.1j) . Here we do it instead in terms of the canonical form 
of the metric (IFTTll- dinni) . 

We first note that we need to take the limit c — > 1, since the [ck^,k^] rod should be 
absent for the black hole solution. By considering explicit expressions for the mass M and 
angular momentum Ji, plus the fact that c < 6 < 1, one can see that (1 — — c) and 
— c) should be fixed as c — > 1. One can furthermore see that we can find A and a, 
so that 



c=l — e, 6 = 1 — ecos^A, k = — -rv^ > (6-17) 

cos A 

with the limit being defined as e — > 0. Since and have periods (|6.15() and (|6.12|) we 
need to make the rescaling 

9 cos A 9 Q cosA_o 
= -^x^ , x^ = -^x^ , (6.18) 

so that now and x^ have period 27r for e ^ 0. From the definition of the canonical 
(r, z) coordinates, we see that this means we should make the rescaling 

e _ e _ 



2 \ ' 2 \ ' 

cos^ A cos^ A 



(6.19) 



This gives that y^r^ + (z it k^)^ = ey^ + (z it a)"^/ cos^ A. Using this with the metric 
H6.7|) - ()6.1U|) it is easy to see that one gets the metric 1)5. 27() of a Myers-Perry rotating black 
hole with one angular momentum. 

6.2 Regular rotating black ring 

We now consider the regular black ring solution. In Section 16.11 we cured the conical 
singularities at the [— oo, —ck^] and [k^, oo] rods by imposing x"^ = (j) to have period ()6.15|) 
and x^ = tp to have period ()6.12|) . However, we did not fix the potential conical singularity 
at the [c/t^,/t^] rod. To ensure regularity at the [ck^,k^] rod, x^ = ip should have period 
(|6.14() . which means we need to impose 

6 = ^. (6.20) 

Therefore, with ()6.2Uj) imposed, and with x"^ = (j) and x^ = ip having their periods given 
by 

27r 

/\ct> = M = -j== , (6.21) 
Vl + 

the rotating black ring solution ()6.1|) is regular |^ 120] . Note that the constant C in (|6.4|1 
now takes the form 

1 + V 1 — c 
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From (|6.7|) we get that the regular rotating black ring metric in canonical coordinates 
(f2Jnl) - ([2Tni is given by 

(1 + c)Ri + (1 - c)R2 - 2cR3 - 4ck2 



Gi 



G 
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(1 + c)Ri + (1 - C)R2 - 2ci?3 + ACK? ' 

AcKyJl + C i?3 - i?i + (1 + c)k2 

^/T^c (1 + c)i?i + (1 - c)R2 - 2cRs + AcK? ' 

{R^ + Z - K^){R2 - Z + CK^) 



G: 
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e^^^ = [(1 + c)Ri + (1 - c)R2 - 2ci?3 + 4ck' 
One can furthermore find G22 using (|6.9() . 



Rl — Z — CK? ' 

2. (1 - C)i?i + (1 + C)i?2 + 2ci?3 



^1 - C^)RlR2R3 



(6.23) 



Rod-structure 

The rod-structure of the regular rotating black ring solution is easily obtained from the 
rod-structure of the general black ring solution analyzed in Section [6. II bv imposing (|6.2()|) . 
We list here therefore only a short summary of the rod-structure of the regular rotating 
black ring: 

• The semi-infinite space-like rod [—00, —ck^]. This rod is in the direction v = (0, 0, 1), 
i.e. in the d/dx^ direction. 

• The finite time-like rod [—ck?, ck^\. This rod is in the direction 



1 /I - c 
7; = (1,^0) , ^ = —^ 



(6.24) 



2k V 1 + c 

The finite space-like rod \ck?^k?\. This rod is in the direction v = (0,0,1), i.e. in 
the d/dx^ direction. 

The semi-infinite space-like rod [k^, 00]. This rod is in the direction v = (0, 1, 0), i.e. 
in the djdx^ direction. 



Asymptotic region 



For the regular rotating black ring solution (|6.23j) in the asymptotic region \Jr'^ + z^ 00 
with z/Vr'^ + z'^ finite, we find 



Gil 



2 , „2^-l^ 



G 



12 



4cfi;2 1 .^// V 

-1 + - ^^ + 0{{r' + z 

1 - c + z2 

1 + c\ ^ Vr'^ + z^ - z 



l-c 



2 I „2\-l\ 



G22 = i^Vr'^ + z'^-z 
G33 = 



^2 _|_ --2 



+ 0{{r' + z 



1 + 



1 +C + 2c^)k 



+ 0((r2 + z2)-i) 



1 - c 



+ 



(6.25) 



r"^ + z^ + z 



'l+^^^=^ + 0{{r^ + zr') 

V?^ _|_ 
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Using (|4.17|) we then get 

Sttck^ ^ 1 + c \^ SvTK^ri -c + 2c2) , 
M = TT- , Ji = 27rcK^ ^ , ?T = , ^ , (6.26) 

(1-C)(1+C2)' \^(l_c)(l + c2)y ' ' 2(1-C)(1+C2) ' 

along with J2 = and C = 0) where we used that e = l/Vl + from 1)6. 21() . Note that 

J2 4(l + c)3 

M3 = ^7;^ • (6-27) 

We see that this has the minimum at c = 1/2 with value l/vr. For c ^ it goes to infinity, 
while for c = 1 it has the value 32/(277r). This is in accordance with pi 1221 OUj . 



7 Discussion and conclusions 

The main results of this paper are as follows. We found in Section |21 that the metric of 
stationary and axisymmetric pure gravity solutions in D dimensions can be written in the 
form (see Eqs. (ITTn|) - (l^m) 'l 

D-2 

ds^ = Gijdx'dx^ + e'^'^idr^ + dz^) , = | det G\ , 

apart from a subclass of solutions with constant det G that is considered in Appendix 1X1 
The equation on the D — 2 by D — 2 dimensional symmetric matrix G was found to take 
the simple form (see Eqs. 1)2. 16p ) 

where V is the gradient on a three-dimensional flat Euclidean space, with metric 1)2. 15|) . 
The function can then be found from G using the integrable equations (|2.13|) . 

In Section |31 we considered then the behavior of G for r ^ 0. We generalized the 
concept of rods of ^16j so that it can be used for stationary and axisymmetric solutions. 
One of the key points is that for each rod [zi , Z2] one has a direction in the {D — 2)- 
dimensional vector space spanned by the Killing vector fields. 

In Section0]we analyzed the asymptotic region of four- and five-dimensional asymptot- 
ically flat solutions. In particular we identified how to read off the asymptotic quantities. 

Finally, in Sections El and IHl we wrote down the metrics of the five-dimensional rotating 
black hole of Myers and Perry and the rotating black ring of Emparan and Reall in the 
canonical form H2.1U() - (|2.11I) . Furthermore, we analyzed the structure of the rods according 
to Section El and moreover the asymptotic region according to Section |11 

The results of this paper have at least three interesting applications: 

• Finding new stationary and axisymmetric solutions using the canonical form of the 
metric and the Einstein equations. For example one can look for new five-dimensional 
black ring solutions with two angular momenta, or for new solutions with a rotating 
black hole attached to a Kaluza-Klein bubble, as advocated in [S]. 
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• Understanding the rod-structure of known stationary and axisymmetric solutions. 

• Understanding better the uniqueness properties for higher-dimensional black holes. 
In four dimensions, the Carter- Robinson uniqueness theorem jSl EI on the Kerr ro- 
tating black hole rests on using the Papapetrou form of the metric. We expect 
therefore similar arguments to be applicable in higher dimensions, although they of 
course cannot prove any kind of strict uniqueness for five-dimensional rotating black 
holes due to the existence of rotating black rings. 
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A Special class of solutions 

In this appendix we consider stationary and axisymmetric solutions to the vacuum Einstein 
equations for which det(Gjj) is constant, with Gij defined by Eq. ()2.4() . 

We can always find coordinates (r, z) so that the metric (|2.4|) can be written 

D-2 

ds^ = Gijdx'dx^ + e^^idr"^ + dz"^) . (A.l) 

This is possible since any two-dimensional manifold is conformally fiat. The metric HA.1|) 
is obviously the same as ()2.1U() . However, the important difference is that the constraint 
(|2.11j) is replaced by restricting det(Gjj) to be constant. 

Note first that demanding det(Gjj) to be constant leads to the identities 

D-2 D-2 D-2 

Y,G'^daGi,=^ , Y,G'^dadbGij= ^ G'^daGjkG^'dbGu , (A.2) 

i,j=l «,i=l i,j,k,l=l 

with a,b = r, z. Computing the Ricci tensor for the metric ()A.1|) and using the constraint 
that det(Gij) is constant, we get that the vacuum Einstein equations can be written 

D-2 D-2 

{dl + dl)Gij = drGikG'^'drGij + Y d^GikG'^'d.Gij , 

k,l=l k,l=l 
D-2 D-2 

Y G'^drGjkG'''drGii= Y G'^d^GjkG'^'d.Gii (A.3) 

i,j,k,l=l i,j,k,l=l 
D-2 

Y G'^drGjkG'^'d^Gu = 

i,j,k,l=l 

(52 + 52)1/ = -- Y {G'^drGjkG''drGu + G'^d,GjkG'''d,Gii) . (A.4) 

i,j,k,l=l 

In conclusion, we can find solutions in the form of ()A.1|) with det(Gjj) being constant by 
first finding a Gij{r, z) solving ()A.3|) and then finding a solution for i/(r, z) of ()A.4|) . 
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Four-dimensional examples 

In four dimensions, we have a well-known class of solutions to Eqs. HA.3|1 - HA.4|1 in the form 
of a particular kind of pp-wave solutions. These pp-wave solutions have 

Gn = -l-H{r,z) , G22 = I - H{r, z) , Gi2 = -H{r,z). (A.5) 

We see immediately that det(Gjj) = — 1. Furthermore, one can check that the Eqs. <\A.3\i 
with D = 4 are solved, provided H{r, z) obeys 

{dl + dl)H{T,z) = Q. (A.6) 

Finally, v{r,z) = solves Eq. ()A.4|) . Therefore, the pp-wave metrics 

ds^ = -dt^ + dx^ - H{dt + dxf + dr^ + dz^ , (A.7) 

with H{r, z) obeying Eq. ()A.6|1 . are in the class of solutions described by the metric (|A.H) 
with det(Gjj) being constant ^2]. Note moreover that any i/(r, z) solving (5^ -|- d1)v = 
also gives a solution. 



B Analysis of det(Gjj) 

In this appendix we study the behavior of det(Gij) as a function. If we start with the 
metric ()2.4p we can always put it in the form 

D-2 

ds"^ = Gijdx'dx^ + G{du^ + dv'^) , (B.l) 

where G{u,v) and Gij{u,v) are functions only of u and v. That we can bring the met- 
ric (|2.4() to this form is easily seen from the fact that any two-dimensional manifold is 
conformally flat. Define now 



/ = ^|det(G.,)| . (B.2) 
In the following we study the function f{u,v). By computing the Ricci tensor for the 
metric ()B.1() we get 

EG-'«.i = -^(|;j + |^)/. (B.3) 

l,J=l •' ^ ^ 

Now, since we consider solutions that are Ricci flat, we get that 

If we define the complex variable to = u + iv, along with the derivatives d = ^ + 
and d = — i-^, we see that ddf = 0. Therefore, df is a holomorphic function. We 
know from elementary complex analysis (see for example ^31) that either the zeroes of 
a holomorphic function are isolated or the function is identically zero (assuming the set 
that the function is defined on is simply connected). Since we can draw 

the conclusion: 
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• Either f{u,v) is a constant function or {-J-, -J-) / (0,0) except in isolated points. 



C Diagonalizing a two-dimensional metric 

In this appendix we prove, for the sake of clarity and completeness, the rather basic result 
that given a well-behaved function on a two-dimensional Riemannian manifold one can 
diagonalize the metric with the given function being one of the coordinates. 

Consider a two-dimensional Riemannian manifold M with a coordinate system (y^, y^). 
Write the metric as 

ds^ = gabdy'^dy'' . (C.l) 

Let z^{y^,y'^) be a given function with i^jij^p) 7^ (0,0). We want to show that we 
can find a function z'^{y^,y'^) so that (z^,z^) is a new coordinate system and so that the 
metric in coordinates is diagonal, i.e. so that gi2 = 0, where we write the metric as 
ds"^ = Qabdz^-dz^ . Equivalently, we can demand that g^^ = 0. This is the same as 



5°^ — ^ = 0. C.2 



Now, define the vector field V = V^^^V'^^hY 



dy^ 



Consider now the integral curves of V . Define an equivalence relation ~ on M where two 
points p,q £ M are equivalent, i.e. p ~ g, if they are connected by an integral curve. Then 
we can define the quotient space M/ ~. Clearly, M/ ~ is a one-dimensional space. Let 
now be a coordinate on M/ ~. We then extend the scalar field on M/ ~ to a scalar 
field on M. Clearly, this scalar field on M has the property that z"^ is constant on 
the integral curves of V. Since is constant on the integral curves of V we get that 

dz^ 

which is the same as ()C.2|) . We have therefore proven that for any given function z^{y^,y'^) 
with (||^, Ip-) / (0,0) we can find a function z^{y^,y'^) such that 

ds^ = gabdy^dy^ = A{dz^)^ + B{dz'^f , (C.5) 

and so that {z^,z'^) is a coordinate system on the two-dimensional manifold. 

D Computation of Ricci tensor 

Computation of the Ricci tensor with general A 

We consider first the D-dimensional metric 

D-2 

ds^ = Gijdx'dx^ + e^^idr^ + Adz^) , (D.l) 
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with 

r = ^1 det(G.,)| , (D.2) 

where Gij, v and A are functions of r and z only. The non-zero components of the 
Christoffel symbols for the metric ()D.1|) are 



D-2 D-2 
■pi \ ^ r^ik f) ry -pi \ ^ /^ik o ^ 

fc=l fc=l 



Note now that since r = det Gjj| we have 



Notice now that from the fact that r = det Gij\ we have 

D-2 D-2 
- G'^d^Gij + ^ G'^G^'^rGk^^rGlJ = ^ 

i,j=l i,j,k,l=l 
D-2 D-2 

-Y,G''^^zG^J+ G'^G'''^,Gk^^,GlJ=0 . 

i,j=l i,j,k,l=l 



Using ()D.7|1 together with HD.6|) . we get 



(D.3) 



D-2 „ D-2 

Y G'^drGi, = Y G''d,Gij = . (D.4) 

i,j=l i,j=l 

Using this we get 

D-2 D-2 D-2 D-2 

We compute then 

le^^Rij = -d^Gij - -drGij - -^drGij - -^d'^Gij + -^^d^Gij 

D-2 ^ D-2 (D.6) 

+ E G^^'drGkidrGij + — E G^^dzGkidzGij . 

k,l=l k,l=l 



(D.7) 
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Computation of the Ricci tensor with A = 1 



We now set A = 1 in the metric ()D.1|) . The non-zero components of the Ricci tensor can 
then be computed to be 



, V D-2 D-2 

le^'^R,, = - + -dr + an G,, + G^'drGMdrGij + G'^'d^Gkid.Gij , 

^ / ^ 7 — 1 I, J — t 



k,l=l k,l=l 

11 1 ^"^ 

R^^ = -dlv - dlv + -2 + -drV --^Y G'^G'^^drGikdrGjl , 

^"if (D.9) 
Rzz = -d> - dlv - Urv -\ G'^G'^'d.G.kd.Gji , 

i,j,k,l=l 

1 



Rrz = -dzv-- Y G'^G^'drGikd.G^ 



i,j,k,l=l 

E Properties of the equations for Gij{r,z) 

In this appendix we derive several useful properties of the equations ()2.12|) for Gij (r, z) . 
We use in the following the formal rewriting of these equations in the form of Eq. H2.16() . 
Let A{r, z) and B(r, z) he D — 2 times D — 2 matrices obeying 

[A{r,z),B{r',z')]=0, (E.l) 

for any {r,z) and (r',z'). Note that this means that A(r,z) or any derivative of A{r,z) 
commutes with B{r, z) or any derivative of B{r^ z). Write now G = AB. Then we have 

G-^V^G - {G-^VGf = A-^V'^A - {A'^VAf + B'^V^B - {B-^VBf . (E.2) 

From this equation we get the following lemma: 

Lemma E.l Let A{r, z) and B{r, z) be D — 2 times D — 2 matrices that commutes as in 
(|E.1|) . // A and B obey the differential equations 



A-^V'^A = {A-^VAf , B~^V'^B = {B'^VBf , (E.3) 
then the matrix G = AB obeys G^^V^G = {G-^VGf. □ 

The consequence of this lemma is that we can combine solutions into new solutions, as 
long as ()E.1|) is obeyed. An important use of lemma lE. II is the following corollary: 

Corollary E.2 Let A{r, z) be a D — 2 times D — 2 matrix and let f{r, z) be a function. 
If G and f obey the differential equations 

A-^V'^A = {A-^VAf , = , (E.4) 

then the matrix G = e^ A obeys G'^V'^G = {G-^VGf. □ 
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Another important situation where the lemma Hi] .11 can be applied and where the implica- 
tion of lemma IE. II in fact can be reversed is expressed in the following lemma: 

Lemma E.3 Let the D — 2 times D — 2 matrix G{r, z) he such that G = A ® B , where 
A{r, z) is a k times k matrix and B(r,z) is a D — 2 — k times D — 2 — k matrix. I.e. G 
is the geometric direct sum of A and B. In this case, it is clear that A and B obey the 
differential equations 

A-^V'^A = {A-^VAf , B-^V'^B = {B^^VBf , (E.5) 

if and only if G obeys G'^V^G = (G-^VG)"^. □ 

This lemma can of course be used successively for the cases where G(r, z) can be split 
up to the direct sum of several matrices acting on linearly independent subspaces, i.e. 
G = Ai (B A2 ® • • • (B An- An important special case of this is when G is diagonal. We 
have the following corollary of lemma IE. 31 

Corollary E.4 Let the D — 2 times D — 2 matrix G{r, z) he a diagonal matrix 

G = diag(±exp(2C/i),exp(2C/2),...,exp(2C/D_2)) , (E.6) 
where Ui{r, z), i = 1, D — 2, are functions. Then 

V^Ui = 0, i = l,...,D-2, (E.7) 
if and only if G'^V'^G = (G-^VG)^. □ 

When G{r,z) is diagonal it corresponds to a generalized Weyl solution (|1.4j) (see [TO]), 
since the D — 2 Killing vector fields are orthogonal. We see that (|2.12|) correctly reduce 
to ()1.5() . Moreover, it is clear that det(Gjj) = itr^ is equivalent to X^^^^ Ui = logr. 
We have also a general result for the inverse of a matrix: 

Lemma E.5 An nhyn invertihle matrix G{r, z) obeys the equation G^^V^G = (G^^ VG)^ 
if and only if the inverse matrix G^^ obeys the corresponding equation 

GV'^G^^ = {GVG-^f . (E.8) 

□ 

This lemma can be used to find new solutions from already known solutions. Of course, 
one has to remember that the complete G matrix moreover should have | det G\ = r^. The 
following corollary is one way to take this into account: 

Corollary E.6 Let G{r, z) be a D -2 by D -2 matrix with \ det G\ = and G'^V'^G = 
{G-^VGf. Then the matrix M = ro^G'^ obeys detM = det G and M'^V^M = 
{M-^VMf. □ 
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We note that we can multiply constant matrices on solutions: 

Lemma E.7 Let the D — 2 by D — 2 matrix G{r,z) solve the equation G~^'V^G = 
(G~^VG)^ and let A and B he constant invertible matrices. Then the matrix M = AGB 
obeys M-^V^M = {M-^VMf. □ 

Finally, an important and useful theorem that concerns systems with an orthogonal 
Killing vector is the following: 

Theorem E.8 Consider the class of metrics with Gu = 0, i = 2, D — 2, i.e. with the 
Killing vector V(x) = ^p- being orthogonal to the D — 3 other Killing vector fields. Then 
we can always write G as 

/se^^O ••• 0\ 




G = se^^ ee'T^i^M 



2 JT 



(E.9) 



V ) 

where s = ±1, U{r, z) is a function and M{r, z) is a D — 3 by D — 3 symmetric real matrix 
with detM = sdetG so that |detM| = r^. Moreover, G obeys G~^V'^G = {G''^VGf if 
and only if 

V^C/ = , M-^V^M = {M-^VMf . (E.IO) 

Proof: It is trivial to see that we can always write G on the form HE.9|) . That G^^V^G = 
(G~^VG)^ if and only (jE.lOj) is true follows from using lemma rb. 3\ together with lemma 
\KE □ 



Theorem lE.Sl is useful since it allows one to take a D = n dimensional solution and creating 
new non-trivial D = n + 1 dimensional solutions. Moreover, for a, D = n dimensional 
solution with a Killing vector orthogonal to all other D — 3 Killing vector fields we can 
reduce the system of equations to be a 3-dimensional Laplace equation together with, but 
decoupled from, the equations for a D = n — 1 dimensional solution. 



F Singularities at r = 

We consider in this appendix what happens for solutions that have more than one eigen- 
value of G(r, z) going to zero for r ^ 0. We restrict for simplicity here to the case with 
two eigenvalues going to zero for r ^ 0. One can easily extend the argument to consider 
more than two eigenvalues. 

We begin by considering the solution 

Gil = r^*^ , G22 = r^-^" , e^'' = r-2"(i-'^) , (F.l) 

where < a < 1. This solves the equations ()2.12|) - ()2.13|) . We compute the curvature 
invariant 

R^.upaR^"^" = I6a\l - af{l - a + a2)r-^(i-'^+'^') . (F.2) 
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Since 1 — a + is strictly positive we see that there is a curvature singularity at r = 0, 
unless a = or a = 1 which in both cases corresponds to only having one eigenvalue 
going to zero. Therefore, for this solution we see that having two eigenvalues going to zero 
invariably leads to a curvature singularity. 

Consider now a general solution for which we have an interval [zi,Z2] so that for 
any z £ [zi,Z2] we have that two eigenvalues of G{r,z) going to zero for r — > 0. Then 
using the same type of arguments as in Section 13.11 we can make a constant orthogonal 
transformation of G{r, z) so that Gij(0, z) = G2i(0, z) = for i = 1, 2, D — 2, for a given 
zi < z < Z2- Therefore, given the structure of the equations (|2.12j) - (|2.13j) . we see that we 
effectively can reduce this system to the example given by Eq. (|1'.1() . In conclusion, we 
have shown that for any solution having two eigenvalues of G(r, z) that go to zero as r ^ 
for a given z, we get curvature singularities, except perhaps in isolated points on the z-axis 
corresponding to the endpoints of the interval given above. As mentioned above, one can 
easily extend these arguments to consider more than two eigenvalues going to zero. 

G Prolate spherical coordinates 

We define here the prolate spherical coordinates {x, y) which for certain stationary and 
axisymmetric solutions are convinient to use. The prolate spherical coordinates were 
introduced for four-dimensional stationary and axisymmetric solutions in [23 (see also 
[T2l ITU [TB] ) . The prolate spherical coordinates are used to describe rotating black hole 
solutions in Section |S1 

The prolate spherical coordinates (x, y) are defined in terms of the canonical (r, z) 
coordinates by 

r = aA/(x^ — 1)(1 — , z = axy, (G.l) 
where q > is a constant. We take x and y to have the ranges 

X > 1 , -1 < y < 1 . (G.2) 

We have 



dr^ + dz"^ = a^(3? - y^) 



dx^ dy^ 



+ 



x^ — 1 1 — 

Note that Eqs. (|2.12j) can be written in prolate spherical coordinates as 



(G.3) 



[{x^ - l)d,G] + dy [(1 - y^)dyG] = (x2 - l){d^G)G''d.,G + (1 - y^){dyG)G-'dyG . 

(G.4) 

We now give the transformation from (x, y) coordinates to (r, z) coordinates. Defining 

R+ = + + a)^ , R- = Vr^ + " a? , (G.5) 
one can easily check using (RTTl) that 

= a{x + y) , R- = a{x — y) . (G.6) 
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Therefore, we see that 

R+ + R- R+-R- 

Furthermore, we note that 

R± + z±a = a{x±l){l + y) , R± - [z ± a) = a{x ^ - y) . (G.8) 

If we consider the asymptotic region + oo with z/^r"^ + z"^ finite, we see 

that 



X ~ —1^7.2 _|_ ^2 ^ y ^ " _ (^Q 
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Thus, the asymptotic region in terms of the prolate spherical coordinates is x — > 00 and y 
being finite. 

H C-metric coordinates 

We consider in this section the coordinate transformation from general C-metric coordi- 
nates to the canonical (r, z) coordinates.^^ The general C-metric coordinates (u, u ) are 
here defined in relation to (r, z) by 

2k^ J -G{u)Giv) 

f = 

{u — f )^ ' ^ 

where k is a constant, and C,{u,v) and G(^) are functions that depend on the particular 
solution that we consider. The goal is now to find the z coordinate. From g'^''^ = we find 



dz gyy dr f dr\ ^ dz 



- 



dv Quu du \dv J du 
Using this together with g^v = one can easily derive that 



(H.2) 



This gives 



— = s — = -s [E^— s = ±1 (H 3) 

du Y dv ' dv V guu du ' ' 



^dz _ K^G'jv) 4:K^G{v) dz _ K^G'(u) ^ \k^G(u) 
du {u — vY (u — v)^ ^ dv {u — vY (u — v)^ 



The integrability condition 

d dz d dz 
dv du du dv 

is satisfied if and only if 



(H.5) 



QG'jv) l2G{v) 6G'{u) 12G(u) 
G {v) + + "2 =G (n + "2 . (H.6 

u — V [u — vy u — V [u — vy 



^''See [25j for a review of the C-metric and the transformation from C-metric coordinates to canonical 
(r, z) coordinates in the context of four-dimensional Weyl solutions. 
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Integrating (|H.4|1 . we get 



sz = b{v) + r- + -. -J = c[u) — ; r + 



{u — v) ' {u — vy "^""^ {u — v) ' {u — vy ' ^ 
where b{S,) and c(^) are two functions. Using the integrabihty condition HH.6|) we see that 



, k'^G"{v) k^G'{v) 2k^G{v) 
b [u — V) (u — vy 

_ K^G"{u) K^G'ju) ^ 2k^G{u) 
6 {u — v) [u — vY ' 

where zq is a constant. Now, if we take G(^) to be of the form 

G{0 =ao + aiC + ase^ + aaf + a^^^ , 



(H. 



(H.9) 



one can check that ()Ji.6|) is obeyed. 

Note that e'^'^ and ^{u,v) in HH.1|) are connected through the formula 

2 



C{u,v) 



o2u 



{u - vY 



G{u) G'{v) + 



AG{v) 



U — V 



G{v) G'iu 



4G{u) 



u — V 



(H.IO) 



This formula is useful for finding e'^'^ . 

Consider now the particular choice of G(^) 



G{o = {I - e){i + ci) , 



(H.ll) 



which correspond to the case of the five-dimensional black ring metric described in Section 
El If we take s = 1 and = 1/6 we get 

K^(l - uv){2 + CU + cv) 



{u — vY 

We now look for constants q and (3 that solves the equation 



r + (z — ) 



2\2 [13 — CUV — 2q{u -\- v)y 



{u — vY 

There are precisely three solutions to this equation: 



-c , (5 = 2 + c ; 



c , /3 = -2 + c ; 



1 , (5 



Write now 



Ri = Y^r^ + (z - ZiY , zi = -chY , Z2 = ciY , z^ = hY 



(H.12) 



(H.13) 



(H.14) 



(H.15) 



We get 



Ri 



k'^[2 + c{1 + u + v - uv)] 



(u — v) 



, R2 



fY [2 + C(-1 + U + V + UV) 



{u — v) 



K? [— c(l + uv) — (n + v)] 
{u — v) 



(H.16) 
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We have furthermore that 

2^2(1 + n) (1 -t;)(l + cii) ^ 2^2(1 -u)(-l-w)(l + cu) 

Rl + Z — Zl — , Rl — Z + Zl — 7^ , 

[u — vy [u — vy 

2k'^{1 + u){1-v){1 + cv) 2k2(1 - u)(-1 - + cti) 

R2 + Z — Z2 — -, , R2 — Z + Z2 — 7 r:^ , 

(u — vy [u — vy 

i?3 + Z-Z3 = ^— '- , R3-Z + Z3 = ^— ^. (H.17 

[u — vy [u — vy 

Finally, we can solve for u and v to obtain 

(1 - c)Ri - (1 + c)R2 - 2R3 + 2(1 - c2)k2 



u 



(1 - c)Ri + (1 + c)R2 + 2ci?3 
(1 - c)Ri - (1 + c)ii2 - 2ii3 - 2(1 - c2)k2 

(1 - C)i?i + (1 + C)i?2 + 2cii3 



(H.18) 
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